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Let Pn be the class of all polynomials of degree n, 
(1) f (x) = anx
n + an.! x"’
1 + + a^x + a0/ 
whose coefficients, ak(k = 0,l,...,n), are independent random 
variables each of which is either +1 or -1 with equal 
probability. Then the number, N = N(f), of real zeros of 
f(x) is a random variable [1, Cor. 2.1, p.28] (a zero of 
multiplicity m is counted as m zeros); in this thesis we 
will determine the mean, vn, and the standard deviation, an, 
of that random variable when n = 1(1)6. The results are 
summarized in Table 1 below. 
In Chapter 2 we will exhibit what we call "obvious 
results" and "general principles" which will be used to help 
determine the number of real zeros of our polynomials. In 
Chapter 9 we will give proofs of all except one of these 
principles. A reference will be given for the exceptional 
proof. Chapter 3 will contain a preliminary analysis which 
1 
will explain certain transformations that leave the class Pn 
invariant, as well as notations used in the subsequent 
chapters. Chapter 4 will discuss the cases when n = 1 and 
n = 2. Chapters 5 through 8 will discuss the cases 
when n = 3 through n = 6, respectively. 
TABLE 1 








i 1 0 
2 1 1 
3 1.5 0.866025 
4 1.25 0.968246 
5 1.625 0.927025 
6 1.5 0.866025 
The study of real zeros of random polynomials has a 
long history. References to the early and fairly recent 
works can be found in the monograph of Bharucha- Reid and 
Sambandham [1] . Previous discussions of our random 
~> 
polynomials , with ±1 coefficients, have been given by 
Littlewood and Offord [5], Booth [2] and Fairley [4]. 
Littlewood and Offord [5] showed in 1939 that 
(2) vn < 25(log n)
2 + 12 (log n). 
This result is not useful when n < 1398 because the 
Fundamental Theorem of Algebra implies that vn <. n, and the 
right hand side of (2) is greater than n when n <. 1398. 
Booth [3] in 1954 analyzed the case when n = 8 by isolating 
the real zeros of each of the polynomials (1) on intervals 
of length 1/16. His results imply that v8 = 103/64 = 
1.609375. Fairley [5] in 1976 calculated numerically the 
real zeros of all the polynomials (1) and plotted the values 
of vn when n = 1(1)10. His results agree with those of Booth 
when n = 8. The approach taken in our paper will use 
instead analytic techniques for counting the number of real 
zeros, and will accordingly avoid the potential errors 
inherent in all numerical schemes. Fortunately, our results 
agree with the results reported by Fairley when n = 1(1)6. 
Although we did not extend our analysis to larger values of 
n, and so are unable to test Booth's results when n = 8, it 
is worth noting that the polynomial, 
3 
x7 + x6 - x5 - x4- X3 -X2 + X 4- 1 = (x - l)2(x + l)3(x2 + 1), 
has five real zeros. The assertion by Fairley, that no 




OBVIOUS RESULTS AND GENERAL PRINCIPLES 
In this chapter we record a number of obvious results 
and general principles which we find useful in determining 
the number of real zeros of a polynomial. The obvious 
results will be employed without any specific reference. 
General principles will be cited as, e.g., GPm, in the 
subsequent chapters when they are used. The obvious results 
are as follows: 
1. The sum of a finite collection of nonnegative 
numbers is nonnegative, and is positive if any of the 
summands is positive. 
2. The product of a finite collection of nonnegative 
numbers is nonnegative, and is positive if all of the 
factors are positive. 
3. The product of a positive number and a negative 
number is negative; the product of two negative numbers 
is positive. 
5 
In the statement of some of the general principles we 
suppose that a and b are real numbers such that a < b, and 
that a zero of multiplicity m is counted as m zeros. Then 
the general principles are as follows: 
1. If A > 0, then the quadratic polynomial Ax2 + Bx + 
C is positive for all real values of x if and only if 
the discriminant B2 - 4AC < 0. 
2. If g(x) is a polynomial with real coefficients, 
and if g(a)g(b) < 0, then g(x) has an odd number of 
zeros in (a,b). 
3. If g (x) is a polynomial with real coefficients, 
and if g(x) has m zeros on (a,b), then g'(x) has at 
least m - 1 zeros in (a,b). 
4. If the hypotheses of GP2 hold, and if g'(x) 
vanishes at most once in (a,b), then g(x) has exactly 
one real zero in [a,b]. 
5. If g(x) is a polynomial with real coefficients and 
g''(x) > 0 on (a,b), then g(x) has at most two zeros on 
[a,b] unless g(x) is identically zero. 
6. (Descartes' Rule of Signs [3, p.77]) The number of 
positive zeros of a polynomial with real coefficients 
6 
is either equal to the number, V, of variations of sign 
of its sequence of coefficients or is less than V by a 




Although there are 2n+1 polynomials in the class Pn, the 
labor of determining the mean value of N(f) could be 
substantially reduced if we could find a transformation T of 
Pn (i.e., a one-to-one mapping of Pn onto Pn) such that f and 
Tf have the same number of real zeros. It would then be 
unnecessary to consider both f and Tf. One such 
transformation replaces f(x) by -f(x). We can therefore 
confine our attention to the subset of Pn for which an = 
+1. Another useful transformation replaces f(x) by (-l)n 
f(-x). This transformation leaves an invariant but changes 
an-i 
to " an-1 • We 
can therefore further confine our 
attention to the subset Qn of Pn for which an = +1, an_x = +1. 
Because there are 2n" polynomials in Qn( these 
transformations have reduced our labor by a factor of 4. 
There are four other transformations, Tj(j = 1,2,3,4), 
of Pn, listed in Table 2 below, that do not change the 
8 
number of real zeros. (It is necessary to observe that f(0) 
= aQ * 0 in order to justify this statement.) 
TABLE 2 




T1 xnf (1/x) ax = 1; aQ = 1 
T2 -xnf(1/x) ax = -1; aQ = -1 
T3 xnf (-1/x) ax = -1; aQ = 1 
T4 -xnf(-1/x) ax = 1; aQ = -1 
Although none of these transformations maps Qn into 
itself, it is clear that if Tj is applied to the subset Qnj 
of Qn defined by the conditions in the third column of Table 
2, the result is a subset of Qn. Because Qn is the union of 
the subsets Qnj, the transformation T', defined to be Tj on 
Qnj , is a transformation of Qn. Unfortunately, we cannot 
use T' to reduce our labor an additional factor of 2, 
because there are polynomials f(x) in Qn such that T'f = f. 
9 
(For example, the polynomial x3 + x2 + x + 1 in Q3 is 
unchanged by T' = Tx. ) Nevertheless, T'f * f is true for 
most of the polynomials in Qn, and N(T'f) = N(f) . 
We are now prepared to describe the content of the 
remaining chapters. Each of them will consist of a set of 
numbered paragraphs, each devoted to a particular 
polynomial. The first line in each paragraph has the 
following structure: paragraph number; polynomial 
specification as a finite sequence of signs; number of 
paragraph in which the T' transform of the polynomial is 
discussed; number N of real zeros. 
An explanation of the computation of the value of N 
will follow immediately when necessary, i.e., when the 
paragraph number for the T' transform is not less than the 
current paragraph number. Otherwise the value of N is 
copied directly from the paragraph for the T' transform. 
Each chapter closes with a table which shows the 
distribution of the number of polynomials with respect to 
the number of real zeros, and with the values of the mean vn 
and the standard deviation an. 
10 
CHAPTER 4 
THE CASES WHEN n = 1 AND n = 2 
n = 1 
1. ( + + ) ; 1 ; 1 
The polynomial x + 1 has exactly one zero. 
n = 2 
1 . (+ + +); 1 ; 0 
N ( f ) = 0 because x2 + x + 1 > 0 for all real x (GP1) . 
2 . (+ + -); 2 ; 2 
N(f) = 2 because the zeros are (1 ± 51/2)/2. 
Therefore, vx = 1, = 0, and v2 = 1, CT2 = 1. 
1  
CHAPTER 5 
THE CASE WHEN n = 3 
1. (+ + + +); l; 1 
N(f) = 1 because f (x) = (x + 1) (x2 + 1) , the factor x2 + 
1 has no real zeros (GP1), and the factor x + 1 has exactly 
one real zero. 
2 . ( + + + - ) ; 3 ; 1 
Because f' (x) = 3x2 + 2x + 1 > 0 (GP1), and because 
f ( -oo) = - ■oo and f (oo) = co, it follows from GP4 that N(f) = 1. 
3 . (+ + - +) ; 2; 1 
4 . (+ + - - ) ; 4 ; 3 
N ( f ) = 3 because f(x) = (x+1)2(x - 1) . (The double 
zero, -1, is counted twice.) 
The results are summarized in Table 3. 
12 
TABLE 3 
DISTRIBUTION OF THE NUMBER OF REAL ZEROS 
WHEN n = 3 
Number of 
Real Zeros, k 
Total Polynomials 
with k Real Zeros 
1 3 
3 1 
Therefore, v3 = 6/4 = 1.5 and CT2 = 3
1/2
/2 * 0.866025. 
13 
CHAPTER 6 
THE CASE WHEN n = 4 
1. (+++++); 1/ 0 
Because (x - l)f(x) = x5 - 1 has exactly one real zero, 
(x = 1), and that zero is associated with the factor x - 1, 
N(f) = 0 . 
2. (+ + + + “•),* 6 ; 2 
Because f''(x) = 12x2 + 6x + 2 > 0 for all real x 
(GP1), f(x) has at most two real zeros (GP5). Moreover, 
f(-oo) = co, f(0) = -1 and f (°o) = oo, so that f has at least 
two real zeros (GP2). Therefore, N(f) = 2. 
3 . (+ + + -+); 3 ; 0 
N(f) = 0 because f(x) = x2 (x2 + x + 0.5) + (0.5x2 - x + 
1) > 0 for all real x (GP1). 
4. (+++--); 8; 2 
The analysis is identical to that in paragraph 2. 
5. (++-++); 5; 2 
14 
The polynomial has no positive zeros because f(x) = x4 
+ x(x2 - x + 1) +1 > 0 when x >. 0 (GP1) . Moreover, f (x) has 
at most two negative zeros (GP6), and f(x) has at least two 
negative zeros because f(-oo) = co, f ( -1 ) = -1, and f (0 ) = 1 
(GP2 ) • Hence, N(f) 
6 . ( + + - + - ) ; 2 ; 
7 . ( + + - - + ) ; 7 ; 
The polynomial has no negative zeros because 
f (x) = x (x + 1 )2 (x - 1 ) + 1 > 0 when x <. 0, and has no 
positive zeros, either, because T'f = T3f = f implies that 
x0 is a zero of f(x) if and only if -l/x0 is a zero of f(x). 
Therefore, N(f) =0. 
8. (++---); 4; 2 
The results are summarized in Table 4. 
15 
TABLE 4 
DISTRIBUTION OF THE NUMBER OF REAL ZEROS 
WHEN n = 4 
Number of 
Real Zeros, k 
Total Polynomials 




Therefore, v4 = 10/8 = 1.25, CT4 = 15
1/2
/4 « 0.968246. 
16 
CHAPTER 7 
THE CASE WHEN n = 5 
1. (+ + + + + +); I; 1 
N(f) = 1 because f (x) = (x + 1) (x4 + x2 + 1) and 
x4 + x2 + 1 >0 for all real x. 
2 . (4-4- + + + -)/ 7 / 1 
Because f' (x) = x2(5x2 + 4x + 2) + (x2 + 2x + 1) >0 
(GP1) , and because f (-co) = -00 and f (00) = co, it follows from 
GP4 that N(f) = 1. 
3. (4- 4* 4- 4- -4-) / 10/ 1. 
Because f'''(x)= 60x2 + 24x + 6 > 0 for all real x 
(GP1) , f' (x) has at most two real zeros (GP5) . Here f' (x) = 
5x4 + 4x3 + 3x2 + 2x - 1, and because f (-1) = 1, f(0)= -1, 
and f (1)= 13, we deduce from GP2 that f'(x) has at least two 
real zeros. Hence, f'(x) must have exactly two real zeros, 
one of which is positive and one of which is negative. We 
see that f (x) = x3 (x2 + x + 1) + (x2 - x + 1) >0 when x > 0 
17 
(GP1). Hence, f(x) has no positive zeros. It follows from 
GP6, applied to -f(-x), that f has one or three negative 
zeros. If f (x) had three negative zeros, then f' (x) would 
have at least two negative zeros (GP3), which contradicts 
the result that f'(x) has exactly one negative zero. 
Therefore, f (x) has exactly one negative zero. Hence, 
N(f) = 1. 
4. (+ + + -++); 5 ; 1 
Because f' (x) = 5x4 + 4x3 + 3x2 - 2x + 1 = x2 (5x2 + 4x + 
1.5) + (1.5x2 - 2x + 1) >0 for all real x (GP1), and 
because f(-oo) = -oo, f (co) = oo, we conclude from GP4 that 
N(f) = 1. 
5. (++ - +++); 4; 1 
6. (++ - ++ ~)} 14; 3 
Because f (x) = (x + 1) (x2 - x + 1) (x2 + x - 1) and x2 - 
x + 1 > 0 for all real x (GP1), we see that f(x) vanishes 
when x + 1 = 0 and when x2 + x - 1 = 0. Hence, N(f) = 3. 
7 . (+ + - + - +) ; 2; 
8 . (+ + - - + 4- ) ; 8; 
N(f ) = 1 because f(x) = (x + 1) (x4 - x2 + 1) and 
x4 - x2 + 1 > 0 for all real x (GP1). 
18 
9 . (++++ - - ) ; 16; 3 
After observing that f(x) = (x + 1)(x4 + x2 - 1) 
= (X + 1) { 
2 
X + 0.5(51/2+ l) } {X2 - 0.5 ( 51/2 - l)}, it is clear 
that N ( f ) = 3 . 
10. (+ + + - + - ) ; 3 ; 1 
ll. (+ + + - - +); 12; 1 
N(f) = 1 because f (x) = (x + 1) {x
4 + (x - 1 )2} , and x4 + 
(x - l)2 > 0 for all real x. 
12 . (+ + - - + -); 11; 1 
13 . (+ + + - - -) ; 13; 1 
N ( f ) = 1 because f(x) = (x - 1) (x2 + x + l)2, and 
2 
x + : x + 1 > 0 for all real x (GP1). 
14 . (+ + - - - +) ; 6; 3 
15 . (+ + _ + - -) ; 15; 3 
We observe that 
f(x) = (x - l){x2+ (21/2+ 1 ) x + 1} {x2 - (21/2- 1 ) x + 1} , 
and that the third factor is positive for all real x (GP1). 
Therefore, f (x) has exactly 3 real zeros. 
16. (++----); 9; 3 
The results are summarized in Table 5. 
19 
TABLE 5 
DISTRIBUTION OF THE NUMBER OF REAL ZEROS 
WHEN n = 5 
Number of 
Real Zeros, k 
Total Polynomials 










THE CASE WHEN n = 6 
1. (+++++++); 1/ 0 
Because (x - 1)f(x) = x7 - 1 has exactly one real zero, 
x = 1, and that zero is associated with the factor x - 1, 
N ( f ) = 0 . 
2 . (++++++-); 26; 2 
Because f''(x) = x2(30x2 + 20x + 6) + (6x2 + 6x + 2) > 0 
for all real x (GP1), f(x) has at most two real zeros (GP5). 
Because f(-oo)= oo, f(0)= -1 and f (oo) = oo, f (x) has at least 
two real zeros (GP2). Hence, N(f) = 2. 
3. (+ + + + + -4-) / 12 ; 0 
N(f) = 0 because f (x) = x4 (x2 + x + 0.5) + x2(0.5x2 + x + 
0.5) + (0.5x2 - x + 1) >0 for all real x (GP1). 
4 . (+ + + -+• - + + ) ; 6 / 2 
The polynomial f(x) has no positive zeros because f(x) 
= x6+x5+x4+x(x2-x + l) +1>0 when x > 0 (GP1) . 
Moreover, there exists exactly one zero between -1 and 0 
21 
because f'(x) 2) >0 when -1 < = 1 + x(x + 1) (6x3 - x2 + 5x - 
x < 0, f(-l) = -1 and f(0)= 1 (GP4). Next we observe that 
because flv(x)= 360x2 + 120x + 24 > 0 for all real x (GP1) , 
f ' ' ' (x) must be increasing. Hence, f''' (x) < f''' (-1) = -78 
< 0 when x <. -1. Therefore, f'' (x) is decreasing on (-00, 
-1) and f ' ' (x) > f''(-l) = 14 > 0 when x <. -1. Accordingly, 
f (x) has at most two zeros on (-oo,-i) (GP5) . Because f (-oo) 
= co and f(-l) = -1, f(x) must have an odd number of zeros 
on (-oo,-i) (GP2) . Hence, f (x) has exactly one zero on (-°o, 
-1), and so N(f) = 2. 
5. (+ + + — + + *f ) ; 5 ; 0 
N(f) = 0 because f (x) = f (x) = x4 (x2 + x + 0.5) + 
0.5x2 / 
2 
(x - 2x + 1) + 0 . 5 ( x2 + 
(GP1 ) 
6 . ( + + - + + + + ) ; 4; 2 
7 . ( + + + + + - -> ; 32; 2 
The analysis is identii 
8 . ( + + + + - + -) ; 8; 2 
Because f ( 0 ) = -1, f (co) = co, and f’(x) = (6x + 5x + 
4)x3 + (3x2 - 2x + 1) >0 when x > 0 (GP1), there exists 
exactly one positive zero x0 (GP4) . Moreover, T'f = T4f = 
f, so that -l/x0 is the unique negative zero. Hence, N(f) = 
2 . 
9. (+++ - ++ - ) ; 31; 2 
Except for a change of sign of the coefficient of x in 
f''(x), the analysis is identical to that in paragraph 2. 
10. (+ + ~ +++ - ) ; 10; 2 
Because f'(x) = 6x5 + x2(5x2 -4x+3) +2x+l>0 when 
x > 0 (GP1) , f (0)= -1 and f (oo) = co, there exists exactly one 
positive zero x0 (GP4). Moreover, T'f = T4f = f, so that 
-l/x0 is the unique negative zero. Hence, N(f) = 2. 
11. (+ + + + - - +); 25; 0 
N(f)= 0 because f (x) = x4 (x2 + x + 1) + (x + 1) (x - l)2 
> 0 when x > -1 (GP1) , and f (x) = x(x + 1) (x4 + x2 - 1) + 1 > 
0 when x <. -1. 
12 . (+++-+ - + ) ; 3; 0 
13 . (+ + -+ + ■ + ) ; 20; 2 
The polynomial f(x) has no positive zero because f(x) = 
xs+ (x2-x+l)2(x+l) >0 when x > 0 (GP1). Moreover, 
f(x) has at most two negative zeros (GP6), and at least two 
negative zeros because f(-oo) = oo, f (-1.4) = -0.074304 and 
f(0) = 1 (GP2). Hence, N(f) = 2. 
23 
14 . (+ + + -- + +); 16; 0 
N ( f ) = 0 because f (x) = x6 + (x + 1) (x4 - x2 + 1) >0 
when x > -1 (GP1) , and f (x) = x5(x + 1) + x(x3 +1) - x2 (x + 
1 ) + 1 > 0 when x < -1. 
15. (44 - 4 - 4 4) ; 15 ; 2 
The polynomial f(x) has at most two negative zeros 
(GP6). Moreover, f(x) has at least two negative zeros 
because f (-oo) = oo, f (-1) = -3 and f (0) = 1 (GP2) . 
Therefore, f (x) has exactly two negative zeros. There are 
no nonnegative zeros because f(x) =x +x(x -x+0.5) + 
x(0.5x2 - x + 1) +1>0 when x > 0 (GP1). Hence, N(f) = 2. 
16. ( 4- 4- — - 4 + +) / 14,* 0 
17. (4 4 4 4 - - -); 27; 2 
The polynomial f(x) has exactly one positive zero 
(GP6). Moreover, f(x) has exactly one zero on 
(-oo,-l] because f (x) = (6x4 - x3 4 5x2 - 2x) (x 4 1) - 1 < 0 
when x <. -1 and f (-oo) = oo, f (-1) = -1 (GP4) . In addition, 
f (x) has no zeros on (-1,0) because f(x) = (x4 - 1) (x2 4x4 
1) 4 x3 < 0 when -1 <. x <. 0 (GP1) . Hence, N(f) = 2. 
18. (44 4 - 4 - -); 29; 2 
24 
6x + 2) > 0 Because f ' ' (x) = x
2 (30x2 + 20x + 6) + (6x2 - 
for all real x (GP1), f(x) has at most two real zeros (GP5), 
and because f(-oo) = oo, f ( 0 ) = -1 and f (oo) = oo, f (x) has at 
least two real zeros (GP2). Hence, N(f) = 2. 
19. (+ + — + + - -); 30; 2 
Because f (0) = -1 and f (oo) = oo, f (x) has an odd number 
of positive zeros (GP4). Moreover, f''(x) = 20x3 + (30x4 - 
12x2 +2) + 6x > 0 when x _> 0 (GP1) , so that f (x) has at 
most two positive zeros (GP5) . Hence, f (x) has exactly one 
positive zero. 
To determine the number of zeros on (-00,-1) we observe 
first that f ' ' ' (x) = 6 (2 Ox3 + 10x2 - 4x + 1) = 6{20(x + l)3 - 
50 (x + l)2 + 36 (x + 1) - 5} < 0 when x <. -1. Therefore, 
-£' (x) has at most two zeros on (-oo,-i) (GP5) . Because f ’ ( - 
00) = -oo and f (-1) = 3, f' (x) has an odd number of zeros on 
(-00,-1) (GP2). Hence, f'(x) has exactly one zero on (-oo,- 
1) . Because f (-oo) = °o and f (-1) = -1, we infer from GP4 
that f (x) has exactly one zero on (-00,-1) . 
Moreover, f(x) has no zeros on (-1,0) because f (x) = 
x5+ {x4 + ( x + l)}(x2- 1) < 0 when -1 <. x <. 0. Hence, N ( f ) = 
2 . 
25 
20 . + + + i i + 13; 2 
21 . + i + i + + 28; 2 
By virtue of GP6, f(x) has at most two negative zeros, 
and because f(-oo) = oo, f(-l) = -1 and f (0) = 1, f (x) has at 
least two negative zeros (GP2) . Hence, f (x) has exactly two 
negative zeros. If we apply GP6 to f' (x) = 6x5 + 5x4 - 4x3 + 
3x2 - 2x - 1, we see that f'(x) has either 1 or 3 positive 
zeros. Moreover, f ' ' (x) = 120x3 + (60 x2 - 24x + 6) > 0 
when x >. 0 (GP1) . This implies that f ' (x) has at most two 
positive zeros (GP5). Hence, f'(x) has exactly one positive 
zero, which we find by Newton's method to be x0 « 0.708742. 
Because sgn f' (x) = sgn(x - x0) when x > 0, it follows that 
minXi 0 f (x)= f(x0) > 0.198208 >0, so that f (x) has no 
positive zeros. Therefore, N(f) = 2. 
22. (+ + - — - + +); 22; 2 
Because T'f = Txf = f, the number of zeros of f (x) on 
(-1,0) is equal to the number of zeros of f (x) on (-00,-1). 
Moreover, f(x) has an odd number of zeros on (-1,0) because 
f(-1) = -1 and f(0) = 1 (GP2). If f(x) had three (or more) 
zeros on (-1,0), then f(x) would have six (or more) negative 
zeros. Because f(x) has at most four negative zeros (GP6), 
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f(x) has exactly one zero on (-1,0) and exactly one zero on 
(-00, - l) . Moreover, f(x) = (x3-l)2+x3(x2-x + 0.5) + 
x(0.5x2 - x + 1) >0 when x > 0 (GP1), so that f(x) has no 
positive zeros. Therefore, N(f) = 2. 
23. ( + + + - - + —) ; 23 ; 2 
The polynomial f(x) has an odd number of zeros on (0,1) 
because f(0)= -1 and f (1)= 1 (GP2) . Because T'f = T4f = 
f, f (x) must have the same number of zeros on (-00,-1) as it 
does on (0,1). If f(x) had at least three zeros on (0,1), 
then f(x) would have at least six real zeros. Using GP3 
four times, flv(x)= 360x2+ 120x + 24 would have at least two 
real zeros, even though flv(x) > 0 for all real x (GP1). 
Therefore, f (x) has exactly one zero on (0,1) and exactly 
one zero on (-00,-1) . Moreover, f (x) = (x - 1) (x5 + 2x4 + 3x3 
+ 2x2 + x + 2) +1>0 when x >. 1. Hence, f (x) has no zeros 
on (l,oo), or on (-1,0) because T4f = f. We conclude that 
N(f) = 2. 
24. (+ + - - + + -); 24; 2 
It follows from GP4, and the facts that f(0) = -1, 
f (co) = 00 and f' (x) = x(6x4 - 4x2 + 2) + (5x4 - 3x2 + 1) > 0 
when x >. 0 (GP1) , that f (x) has exactly one positive zero 
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(GP4 ) Because T' f = T4f = 
negative : zero. Hence, N ( f ) 
25 . ( + + - - + " + ) ; 11; 0 
26 . ( + + - + - + ■ ) ; 2; 2 
27 . ( + + + - - - ; 17; 2 
28 . ( + + - - - ■ + ) ; 21; 2 
29 . ( + + - + - 18; 2 
30 . ( + + - - + 19; 2 
31. ( + + - - - + ~ ) ; 9; 2 
32 . ( + + - - 7; 2 
f, f(x) also has exactly one 
= 2. 
The results are summarized in Table 6. 
TABLE 6 
DISTRIBUTION OF THE NUMBER OF REAL ZEROS 
WHEN n = 6 
Number of 
Real Zeros, k 
Total Polynomials 






Therefore, v6= 48/32= 1.5, CT6= 3
1/2
/2 * 0.866025. 
We can summarize the results shown in Table 1 as 
follows. Neither the mean vn nor the standard deviation an 
is a monotone function of n. It nevertheless appears that 
the even means v2n and the odd means v2n+1 are monotone 
increasing. The odd standard deviations a2n+1 also appear to 
be increasing, but the even standard deviations cr2n appear 
to be decreasing. Of course, we do not know whether these 
trends will persist for larger values of n. It is also 
noteworthy that v3 = v6, or3 = a6. We do not know why this 
coincidence should occur, or if it foretells other 
coincidences for larger values of n. 
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CHAPTER 9 
PROOFS OF THE GENERAL PRINCIPLES 
General principle 1 is an immediate consequence of the 
identity, 
Ax2 + Bx + C = A{x-(B/2A)}2 + {C - (B2/4A) }, and the 
hypothesis that A > 0. 
In order to prove GP2, suppose that the real zeros of a 
polynomial g(x) , whose actual degree is n, are xx x2 x3 <. 
. . . < xm and that the nonreal zeros of g(x) are yx ± izlf y2 
± iz2, •••, yp ± izp. Then g(x) admits the factorization 





2+ z^}, gn * 0. 
When g(a)g(b)* 0, so that neither a nor b is a zero of g(x), 
suppose that there are exactly r zeros of g(x) on the 
interval (a, b) . If we agree that x0 = -oo and that Xn, + x = QO, 
then there is a nonnegative integer s such that s + r <. m 
and xs < a < xg+1 < xg+2 < ••• < xg+r < b < xg+r+1. It follows 
from (3) that sgn g(a) = (-l)m’s sgn gn, sgn g(b) = ( -1 ) 
m'3'ir 
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sgn gn. Therefore, sgn {g(a)g(b)} = (-l)
r, so that g(a)g(b) 
< 0 if and only if r is odd, and g(a)g(b) > 0 if and only if 
r is even. 
With respect to GP3, suppose that g(x) has p distinct 
zeros xx < x2 < • ■ • < Xp on (a,b), and that the multiplicity 
of Xi is mi (i = 1, 2, . . . , p) . Then xA is a zero of g' (x) 
with multiplicity mi - 1. Moreover, Rolle's theorem [6, p. 
190] implies the existence of at least one zero of g'(x) on 
each interval (Xi, xi+1) (i = 1, 2, . . . , p - 1) . Therefore, 
g' (x) has at least 
Ipi=1 (% - 1) + (p - 1) = 2
p
i=i mA - 1 = m - 1 
zeros on (a,b), as asserted by GP3. 
General principle 4 is a consequence of GP2, GP3 and 
the observation that, if GP4 were false, g(x) would have at 
least three zeros on (a,b) , so that g' (x) would have at 
least two zeros on (a,b), contrary to the hypothesis of GP4. 
Similarly, if GP5 were false, then g(x) would have at 
least three zeros on (a,b), so that two applications of GP3 
would imply that g''(x) would vanish at least once on (a,b), 
contrary to the hypothesis of GP5. 
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We omit the proof of GP6, which is a standard result in 
the theory of equations [3, pp. 76-79] . 
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